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Data in social and behavioral sciences are often hierarchically organized. Special statistical proce-
dures that take into account the dependence of such observations have been developed. Among procedures
for 2-level covariance structure analysis, Muthén’s maximum likelihood (MUML) has the advantage of
easier computation and faster convergence. When data are balanced, MUML is equivalent to the max-
imum likelihood procedure. Simulation results in the literature endorse the MUML procedure also for
unbalanced data. This paper studies the analytical properties of the MUML procedure in general. The
results indicate that the MUML procedure leads to correct model inference asymptotically when level-2
sample size goes to infinity and the coefficient of variation of the level-1 sample sizes goes to zero. The
study clearly identifies the impact of level-1 and level-2 sample sizes on the standard errors and test statistic
of the MUML procedure. Analytical results explain previous simulation results and will guide the design
or data collection for the future applications of MUML.
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1. Introduction

Data in social and behavioral sciences often exhibit hierarchical structure. For example,
households are nested within neighborhoods, neighborhoods are nested within cities, and cities
are further nested within countries; students are nested within classes, classes are nested within
schools, and schools are further nested within school districts. Cases within a cluster are generally
correlated. Analysis of such data has to explicitly account for these correlations. The develop-
ment of statistical methods for hierarchical data is documented by monographs and edited books
(Goldstein, 1995; Heck & Thomas, 2000; Hox, 2002; Kreft & de Leeuw, 1998; Raudenbush &
Bryk, 2002; Reise & Duan, 2003; Snijders & Bosker, 1999). Among these are the hierarchical
linear model (HLM) and the multilevel structural equation model (SEM) (Bentler & Liang, 2003;
du Toit & du Toit, 2004 Goldstein & McDonald, 1988; Lee, 1990; Lee & Poon, 1998; Liang &
Bentler, in 2004; Little, Schnabel & Baumert, 2000; Longford, 1993; McArdle & Hamagami,
1996; McDonald & Goldstein, 1989; Muthén, 1994, 1997; Muthén & Satorra, 1995; Poon & Lee,
1994; Yuan & Bentler, 2002, 2003a).

In a multilevel covariance structure model, parameters appear at each level. Parameter esti-
mates can be obtained by maximizing the normal-theory based likelihood function. Iterative
procedures are used in this process (Bentler & Liang, 2003; du Toit & du Toit, in press; Gold-
stein, 1986; Lee & Poon, 1998; Liang & Bentler, 2004; Longford, 1987). As a multilevel SEM
typically involves many variables, with unbalanced data many high dimensional matrices have to
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be inverted at each iteration (see du Toit & du Toit, in press; Liang & Bentler, 2004; McDonald &
Goldstein, 1989). When a large number of level-1 units contain small sample sizes, maximizing
the likelihood function is not just time consuming but may also put the convergence in jeop-
ardy. Muthén (1989) observed that, for balanced data, a 2-level covariance structure model can
be solved by a conventional SEM program with the 2-group option. Muthén (1990) further pro-
posed an ad hoc 2-group procedure to deal with unbalanced data for 2-level covariance structure
models. Using real data, Muthén (1990) showed that it yields essentially the same results as the
maximum likelihood (ML). In a parallel development with balanced data, McDonald and Gold-
stein (1989) obtained a compact expression of the likelihood ratio statistic in terms of sufficient
statistics (the sample mean and the between and within level sample covariance matrices). Using
pseudobalanced sufficient statistics for unbalanced data, McDonald (1994) further illustrated that
the McDonald-Goldstein’s (1989) balanced data likelihood discrepancy function is equivalent to
Muthén’s (1990) procedure. Using examples with simulated data, McDonald (1994) also com-
pared the ad hoc and ML procedures. His results indicate that they lead to the same conclusion
for model inference. Using simulation and a 2-level factor model, Hox (1993) studied Muthén’s
ad hoc procedure and found that it recovers the population parameters well when level-1 sample
sizes are relatively large. Hox and Maas (2001) further studied standard errors and the test statistic
resulting from Muthén’s (1990) procedure. They found that the standard error estimates for the
between-level parameters are negatively biased; the test statistic for the overall model evaluation
tends to over-reject correct models (or positively biased).

Obtaining a set of converged solutions is the prerequisite in evaluating any model. Conver-
gence problems arise with small samples when fitting a conventional covariance structure model
(See e.g., Anderson & Gerbing, 1984; Boomsma, 1982; Curran et al., 2002). Convergence is
more challenging with 2-level models when many level-1 sample sizes are small and unequal.
Due to the computational and convergent advantage of Muthén’s(1990) procedure, it has been
implemented in popular software (e.g., EQS 6.0, Mplus 2.12) and formally introduced in standard
textbooks (e.g., Duncan, Durcan, strycker, Li, & Alpert, 1999; Hox, 2002; Kano & Miura, 2002).
This procedure is now commonly called MUML. Simulation or numerical results about MUML
are important but have limitations. For example, the biases in standard errors or test statistic of
MUML may come from two sources, one is related to sample sizes and gradually disappears as
sample sizes increase, the other remains as sample sizes get larger. Analytical results are necessary
to distinguish the two sources. Because of the computational advantage of the MUML procedure,
it is becoming increasingly popular. A systematic analytical study is needed to better guide its
application. We are especially interested in finding conditions under which standard errors and the
test statistic in the MUML procedure are statistically valid. We will study the MUML estimators
and their standard errors in Section 2, and the test statistic of the MUML procedure in Section 3.
lustrations of biases in standard errors and the test statistic are provided in Section 4, verifying
the effect of sample size and model conditions identified in Sections 2 and 3. A brief discussion
of correcting the biases in MUML and its extension to non-normal data are given in Section 5.
Technical details are provided in two appendices.

2. The Asymptotic Distribution of the MUML Estimator

Let the p x 1 vectors Yij» i =1,...,n; be observations from cluster j with j =1, ..., J.
The 2-level structure of y;; can be described by

Yij = m+Vv;+u, ey

where p is a mean vector, v; and u;; are independent with E(v;) = E(u;;) =0, Cov(v;) = X
and Cov(u;j) = X. Let @ denote the vector of parameters in the structural models X;(0) and
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X (0). Assume v; and u;; following multivariate normal distributions, then so does y;;. Conse-
quently, parameter estimation and model testing can proceed with the normal-theory based ML
and the likelihood ratio statistic. With unbalanced data, the ML procedure needs special programs
and will take longer to converge. Muthén (1989, 1990) proposed a procedure by which param-
eter estimation and model testing can proceed with the 2-group option of a conventional SEM
program. Let

% 1

'Z_Zyus y__ZZYU’

j=1i=1

Jon
;J Z Z(Yij -y )i -3,

j=li=1

1 J
Sp=5—72 10, -DF; -,

j=1

where N = ny + - -- + ny. Muthén’s ML! estimator & minimizes

FvumL (@) = J{tr[(Zy + ¢Zp) 7 Sp] — log [(Zy + ¢Xp)~'Sp| — p)
+(N — D{tr(Z,'Sy) —log |Z,'Sul| — pl, )

where ¢ = (N2 — Z/J‘:l n?)/[N(J — 1)]. Obviously E(Sy) = X, Muthén (1990) has showed
that E(Sp) = Xy + ¢Xp. When data are balanced and the denominator J — 1 in S;, is replaced
by J, FmumL is —2 multiple of the log likelihood ratio of the structural model and the saturated
model. So, MUML is equivalent to the normal-theory ML for balanced data (Muthén, 1990).
We are interested in the properties of the MUML estimator 9 and the associated test statistic
TvomL = FmumL (9) when data are unbalanced.

We introduce some notation for the technical development. For a p x p symmetric matrix A,
vec(A) is the p?-dimensional vector formed by stacking the columns of A. The p* = p(p+1)/2-
dimensional vector vech(A) is obtained by removing the elements above the diagonal of A from
vec(A). Consequently, there exists a unique p* x p* matrix D p (see Magnus & Neudecker, 1999,
p. 49) such that vec(A) = D vech(A) and vech(A) = D} vec(A), where D} = (D/,D ,,)_ID/p is
the generalized inverse of D ,. We willuse 6, = vech(X}), 0, = vech(Xy),and o = vech(Z,),
where X, = X,,+cX,. A function with a dot on top means derivative, e.g., 6, (0) = do,(0)/d6.
When a function is evaluated at the true value of the parameter, we often omit the argument. Fur-
ther, , = o0p(a,) means that ,/a, approaches zero in probability as n approaches infinity,

tn = Op(ay) means that 1, /a, is bounded in probability, and i> denotes converging in distri-
bution. We will denote by the boldface counterpart 0, or O, when every element in a vector or a
matrix is of order 0, or 0. Parallel nonstochastic notation omits the subscript p.

Let 6,, be the parameters in X,,(#) and the remalnlng parameters of 6 be 6. Yuan and
Bentler (2002) argued that the normal-theory MLE Ow and @ » converge to their population values
at different speeds as characterized by

B —0u0=0, (1/VN=T) and 85850 =0,01/~/7). 3)

"'Muthén (1997, (9)) has extended MUML to include mean structures.
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Using essentially the same argument as in Yuan and Bentler (2002) one can show that the MUML
estimator § = (é;,, 9;})’ also satisfies (3). Thus, J has to be large in order for 917 to be near its
population value (see also Hox & Maas, 2002). It is not necessary for n; to approach infinity in
order for @), or 8,, to be near their population values in 8 = (8}, 8',,)". So we will implicitly
assume J — oo when we say 9 is consistent or asymptotically normally distributed. We will
explicitly mention 7 ; or its average approaching infinity when needed for special results. Because
Fyumy is not a likelihood function for unbalanced data, standard result for ML cannot be applied
to obtain the property of the MUML estimator 6. We will characterize the distribution of 6 by
the theory of estimating equations (see Liang & Zeger, 1986; Yuan & Jennrich, 1998). In this
approach, the asymptotic covariance matrix of fisofa sandwich-type. Our effort below mainly
involves obtaining and simplifying this covariance matrix for the MUML estimator.
Denote

W.=2""D,'®2;HD,. W, =2""D (Z,'®2,"D,.

Taking the derivative of Fyrumr with respect to § we get the estimating function

—J
0., (0IYWy(0)[sy — 0 (0)] + 6. ()W, (0)[s, — 0.(0)]. 4)

g(0) = 7

Because E[g(fp)] = 0, under standard regularity conditions (see Yuan & Jennrich, 1998), the
MUML estimator 6 satisfies the estimating equation g(0) = 0 and is consistent for (. So, as
an estimator for ), 6 does not contain any asymptotic biases. Applying the Taylor expansion on
g(é) = 0, we obtain

VI —00) =g 1(0)VIg®o) Q)
= —g 1 (00)V T g(00) + 0,(1),

where 8 is a vector between # and 6o. Hence

VT - 00) -5 N, )., 6)

where @ = A~'BA~! withA = —E(g) and B = J Var(g) = J E(gg’). The matrix A is the “infor-
mation matrix” associated with minimizing (2). In the default MUML, the covariance matrix of
VT (@ — 0p) is A~!. Standard errors of  based on

VI —00) 5 N©O,ATY (6a)

are asymptotically correct when A = B. To study the conditions under which A ~ B in the fol-
lowing, we will obtain the B matrix and then relate € to A~! through level-1 and level-2 sample
sizes. Conditions will be identified when & = A~

Using E(sp) = 0, and E(S.) = o we obtain

N
A= (7 - 1) 6! W6, + 6 Wb )

Notice that the g in (4) involves the random vectors s,, and sp, and

Var(@) = (X —1)7 60, W, Var(s,)W,6 + 6, W, Var(s,) W,o .

+ (5 = 1) 67, WuCov(sw, ) Weo e + (§ — 1) 6. WcCov(sp, su)WuGu. (g)
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We need to obtain the variance—covariance matrices Var(sp), Var(s,,) and Cov(sp, s,,) before
obtaining the B matrix. Let

1
hj> = vech[(¥.,; — m)(¥.; — )] — <0b + ;Gw> :
J

nj

h;3 = vech [Z(yu 3.0 - 7. j)/} —(nj — Do,

i=1
and denote Cj2 = E(hjzh/jz), Cjzz = E(hj3h;.3), Cjz = E(hjzh’j3). The Appendix A pro-
vides details leading to

1 / ) n‘} an
Var(sb)=mz nj+m—7 Cjn
j=1

J J
2 1 1
+ 2 2 +/
Vg 1 ;nj <):b+n—j):w> ® ;nj (2b+n—j>:w) D}
2 ZJ:4D+ ):+1>: ®z+12 D’ 9)
NZ(J—1>2j:1nj A ST e
1 J
Var(s,,) = — Cjss, (10)
(N =D
and
1 / n;
COV(Sb,Sw) = m <f’l] - Nj) Cj23- (11)
j=1

We are mainly interested in the property of MUML when data are normal. With normal data,

1 1
Cj22=2D;§ |:<Zb+—2w)®(2b+—2w>} D;/, Cj =0, (12)
nj nj
and
Cj33 =2(n; — D} (Ty ® T,)D}". (13)

Denote N, = Zf-zl n?, N3 = Zf:l n3, Ny = Zle n?, it follows from (9) and (12) that

Varsy) = — =t vy + M _ 23 5 o s
=G Ty (TN T N ) e

N3 2N, W)
+<N+F_T)(2b®zw+zw®zb)+<J+ﬁ_2 Tw®Zy D;/

2
+ D+[N22):b®):b+NN2():,,®zw+zw®):b)+N2):w®):w}D;/

N2(J —1)2°P
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2
+ v
_N2(J — 1)21)[, (N3Zp @ Xp +N3(Zp QL + Xy ®Xp) + Xy ® Ew}Dp

2 N N} 2N;
Z(J_—])2DP N2+W—T X ®Xp

N,
+ (N— ﬁ) Ep®Xy +Xy ®Xp) +(J — DXy ®Zw}D;/-

Letnny = N/J, ny = Ny/J, i3 = N3/J. To simplify the expression for matrix B = JE(gg’),
we rewrite Var(s,) as

Var(sp) 2 pil(sm ™2 D
ar = — n _— -
b J—D2°r 2 ﬁ% i b b
_ n
+ <Jnl - ﬁ_Z) Ep @@Ly +Xy, @) +(J — DXy, ®2w}D})H
1
= T 1)D;§(Zc ® ZC)D;’ + 2aD;§():b ® XD, (14a)
where
L [ETPR S G S RPN B (14b)
a= ny—n ——+4+n - - =
(J—1)3 2 ii2 ? TR
It follows from (10) and (13) that
2
Var(sw) = mD;(Zw & ZU))D;/~ (15)
Equations (11) and (12) imply
Cov(sp, sy) = 0. (16)

Note that
wol= 2D;j[(>:w +¢Zp) ® (T + c):,,)]D;/ and W,!'= 2D[+,(Zw ® ):w)Dj,’.

Combining (8), (14a), (15) and (16) we obtain

B = <¥ — 1> 6, Wy,6, + - ld’cwcdc + JaA, a7
where
A =d.WW,'Weo, (18)
with
W, =2"'D,(5;' @ Z;)D,,.

When data are balanced, a = 0. It follows from (17) that the matrix € in (6) is given by

N J
Q=A"! [(7 - 1) 6! Wyow + ﬁ(ﬂcwc(yc} AL (192)
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When J is large, 2 ~ A~L. For unbalanced data we have
Q=A""4JaA""AA". (19b)

It follows from (19b) that Ja plays an important role in whether @ ~ A~ Let

When J is large and the n s are bounded, it follows from (14b) that Ja ~ v,2,. For more insight
into the magnitude of a, suppose the n ;s are uniformly distributed on an interval [n, + 1, np]
with np = ng + n. Then the variance of the n s is v,2, = (n* — 1)/12. The Appendix B gives the
outline leading to

U=2 5, (J-2 v 20)
U T TS D e + (n+ 1))2P

Because v2 < [n, + (n + 1)/2]?/3,

J=-2 , v2
— VU, <a< .
(J —1)? J -1

So, regardless of the range of the n s, lim;_ o Ja = vg when 7 ;s are uniformly distributed.
Notice that
N2 — Ny Jny —ip/iy v2

c= = S PR T—
N(J —1) J—1 i —1)

2

So ¢ — oo when the average sample size goes to infinity and v% /(J — 1) is bounded. Assume
the elements of X, are uniformly bounded, we have

We =c2W, + 0(c ) (22)
and
A =26, Wpop + O(c ).

It follows from (7) and (22) that the submatrix of A corresponding to 6}, is of order O(1). Because
Ja = 0(2), 6, W6}, = O(1), (19b) implies  — A~ as J — o0 and v2/c* — 0. It follows
from (21) that

LA o _u o VM cvim+o [CV3(”)}
¢ adl—vR2J - DI} -1/ J-n]

where CV (n) = v, /n is the coefficient of variation of the level-1 sample sizesn1, . . .,n ;. Hence,
for large J, v, /c = CV(n). Consequently, standard errors by MUML are asymptotically correct
as J — oo and CV(n) — 0. .

Hox and Maas (2001) studied standard errors of @ by simulation. Their results imply that
there are little or no biases for the standard errors of éw while the standard errors of 8 b POssess
substantial biases. We next look at the effect of A on standard errors of 8, and 6., separately.
For this purpose, we assume that X,(f#) and X,,(0) have separate and unrelated parameters.
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That is § = (0},, 0;})’ with X, = X,(0p) and X, = X, (0y). Denote 65, = dop/d, and
0wy = doy/dly,then oy, = (0, 64,y) and 0. = (cOpp, 0 yy). It follows from (7) and (18) that

A= A11 A12 _ CO'bbWCbe Cd;bwcdww
A2 Ax €6y Webph 6 WeGuwu + (11 — D6, Wy )’
and
A :( Al Ap > _ ( 326, WW, ! WeG gdgbwc.w,zllwcqu )
Ay Ap 6y WeW, 'Weap, 60, WeW, 'Wea 0
Denote

_ Al 1 A12
A ! = ( A21 A22 ) ’
standard formula (e.g., Magnus & Neudecker, 1999, p. 11) gives

= (A1 —ApAL AT A = —ATApAL,

A = AL AAY AT = (An - AyA AT
Let
_ _ D D
p=aar=( g pr ).
then
Dii =AM (A1 — ApAY Ag — ApAS Ao + ApRAS ApAs) Ay AT (23)
and

Dy =A,ANATAATARAS — AP A ATTA AL
A A21A11 A12A22 + A22A22A22 (24)

Approximations are needed to simplify (23) and (24). Actually, we only need to identify the
leading terms in D11 and D»;. It follows from (22) that

A =160, Web w411 — 167, WG wil =7 (6, Wuw6 ww) T +0@ ), (25)
and
W = (26}, Wb pp — 26y WeG Ay 67 Wedpp) ™1 = (6, Wi pp) T +O(cT). (26)
Substituting (25) and (26) in (23), and using (22), we have

2
2, .y . -1 . 1.y .
D11 =c (0, Wpopp) [bewbabb - =561, W50 1 (6, WG win) ™ 63, Wi G s
1c

1 / /
. . . . 1. . . . 1./ .
+ T‘labbwboww(awwwwoww) 0w Wb ww (0 W0 ww) ™ 0, Whopp
nic
1

(6, Wpopp) "1 4+ O(c). (27)
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The leading term in (27) is c’z(dzbwbdbb)’l. Because Ja ~ v,%, the variance of @b is inflated
by approximately c‘zvﬁ(dzbwbd wp) "L Using (26), the relative inflation in the standard errors
of 8, is approximately (1 + v2/c?)1/2 — 1 ~ v2/(2c2) ~ CVZ(n)/2 when CV (n) is small. The
number of groups J will reduce the absolute biases in the standard errors of 8, but not their

relative biases.
Using (22), (24), (25), (26) and

22 ./ . — ./ . . . . . -1 . —1
A~ = [wawcaww + (11 — Doy, W0 ww — g, Wcahb(ag;bwcabh) Glbbwcaww]

ww ww

=i, (6], W6 wuw) '+ 035,

we have
. . ey . .y . . . 1.y .
Dy = m(awwwwaww) (65w Wb0 wiw — 04, Wo0 pp (0, Wpo pp) ™ 05, Wpo ]
1
-y -1 2 4
0w Wuwoww)  +o@ich).
When

., . ., . ., . ., .
0, Wiy pp =0, Wiy = 0, WuO ww = 65, Wp0 (28)

holds, the leading term of Dy, vanishes. Even when (28) does not hold, the magnitude of D>
is of order O(ﬁl_ﬁ), which will be tiny even when 721 is small. Because A?2 is of order O(ﬁ]_1 ),

the relative inflation in the standard errors of 8, is approximately CV?(n) /ﬁf. This explains why
Hox and Maas (2001) found little or no biases in the standard errors of éw

3. The Asymptotic Distribution of the MUML Statistic

We will study the distribution of the MUML statistic TvumL = FMUML (é). The default
MUML procedure refers Tyumr to a chi-square distribution. We will analytically compare TyvumL
to this reference distribution. By decomposing Tyumr into several terms, we will show that one
term asymptotically follows the reference distribution. The other terms contribute to the discrep-
ancy between TyumL and the reference chi-square distribution. We will also relate the discrepancy
to level-1 and level-2 sample sizes and model structures.

Notice that § is consistent for 0o as J — oo. Using (3) and the appendix of Yuan, Marshall,
and Bentler (2002) we obtain

TvumL = I[85 — 0 (0] Wlsp—0 (0] + (N — J)[sw—0 1 (0] W[50 — 0w ()40, (1). (29)
Let

wo (W ¢ E= (0,0 ), s=(s,s.).
o ()W Lo s= 6,
Equation (29) can be rewritten as

Tvome, = J[s — §@)1 Wis — £@)] + 0, (1). (30)

Similarly, we can rewrite the g in (4) as g(0p) = é/W(s — &) andthe Ain (7)) as A = é/Wé. It
follows from (5) that

VITE®) — EB0)] = VTEWD — 00) + 0, (1) = EEWE)TEWVT (s — &) + 0, (1).
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Thus,
Vs — £0)] = (1 - £GE'WE)'EWIW T (s — &) + 0, (1). @1
It follows from (30) and (31) that
Tvume = VI IW'2(s — £) T QVIIW! (s — £¢)] + 0, (1), (32)
where
Q=1-W"§¢E'Wé)~'g'w!?

is a projection matrix.
It follows from (14a), (15) and (16) that

_ 1 lw-1 -1
Var(s—EO) = < (J li) WC (N— J())ilwil )+a( Wé’ g ) (33)

Letzy ~ N(0,Iz,+), z2 ~ N(0,1,+) and z; and z, be independent. Then it follows from (33)
and the central limit theorem that

VIW' (s — £q) = 21 + VaTWyezy + 0, (1), e

where

1/2xx—1/2
wbcz( c va )

Combining (32) and (34) leads to
Tvomr = 2,Qz1 + 2vVaJ2,QWpezo + aJzoW), . QWpezy + 0, (1). (35)

The first term on the right of (35) follows X22p*_ q (see Section 1.4 of Muirhead, 1982), where ¢

. . L
is the number of free parameters in #. When data are balanced, a = 0. Thus, Tiyjumr —> x22p* —q

as J — oo. Notice that Wy, = O(1/c), Q = O(1), and aJ = O(U,%). Substituting them in (35)
leads to

v
TvumL = 2,Qzy + O, (?”) +o,(1). (35a)

It follows from (35a) that TavumL £, X3, when J — 0o and v,/c or CV(n) — 0. When
CV(n) is substantial, Tiyumr will not behave like a chi-square variate in general even when
J — oo.

Let’s look at the difference in the first-order moments of Tyumr. and Xzzp* —q Because z; and
z, are independent, E (2} QWpy,23) = 0.1tis E(z, W), QW,z;) that makes Tyumr stochastically
greater than Xzzp* —q For a large J,

E(z5W,.QWyc22) = tr(QM),
where

Mo ((WPWIW o
0 0)



KE-HAI YUAN AND KENTARO HAYASHI 157

Let P = W!/2E (€' WE)~1'W1/2, then
tr(QM) = tr(M) — tr(PM). (36)
It follows from (22) that
tr(M) = tr(W, 'W,) = ¢ 2p* + 0(c ™), (37)

E'WE =c 26/ Wyo, + ¢ 16", Wyop + ¢ 6, Wiy,
+6,Wp6p + (i1 — 1)67,Wy6 0 + O(c ™)

=6, Wy6p + (1] — DG, W6, + 0,

and

6 WW, "W =6, Wiy + ¢ 6, Wpey + 267, Wpap + ¢ 26, Wy + O(c ™)

=26, Wyop + O(c ™).
Thus,
tr(PM) = tr[(§' WE) ™ (6L W W, ' Wed)]

= tr{[6, Wy} + (1] — 6", Wy + O D e 726, Wpa, + O(c )]} (38)

= (i; e [0, W6 ) " (@, Wha )] + oy ¢ 7).
It follows from (36), (37) and (38) that
tr(QM) = ¢ 2{p* — it} 'tr[(6, Ww6 ) " (0, Wha )1} + 0(c™2).

When 6, W6, = 6,W;dp, tr[(dL)Wwdw)’l(dZWbdb)] = g. So TymumL is stochastically
greater than Xzzp*, q by a random term whose expectation is

2 2
Uy * ~—1 Un
— —n +ol|l ).
C2 (p 1 q) <C2>

This term goes to zero as vﬁ /¢ or CV(n) goes to zero. When CV (n) is substantial, v,% p*/c? also
becomes substantial because p* is often a large number.

When models X;(05) and X, (0,,) do not share any parameters, we have tr(PM) = c_2qb +
0] (c_3), where ¢, is the number of free parameters in 8. So TyyumL is stochastically greater than
X%p* —q by a random term whose expectation is

2 2
Onpr On
2 q”)+0<c2>'

For the given level-1 and level-2 sample sizes, Tyyjumr behaves more like a chi-square when
Y, (0p) is less restricted.
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4. Tllustrations

We have shown that the biases in standard errors by MUML are closely related to the coeffi-
cient of variation CV (n) of the level-1 sample sizes. We also showed that the difference between
the statistic Tyumr, and Xzzp*, q is related to CV(n). The biases in the standard errors and in
TvmumL disappear when CV (n) goes to zero. In practice, it is of interest to know when the biases
are small enough so that they can be ignored. Although it is easy to come up with a threshold
number such that biases below this number are regarded as small, any such attempt would involve
some arbitrary or subjective decision. Instead, we use numerical examples to provide empirical
information about the biases as CV(n) changes. For such a purpose, we can only illustrate the
biases under a few selected conditions.

The population covariance matrices X and X, are created by factor models

Xy = Ab(DbA; + ¥, X, = Aw(bwAiU + ¥, (39)
where

A A (05060708 0 0 0 0
b=%w={0 0o 0 0 05 06 07 08 )"

105 1 03
q’”‘(o.s 1)’ <I>w—<0.3 1)’

W, is a diagonal matrix such that X is a correlation matrix, and ¥, is a diagonal matrix such that
all the diagonal elements of X, are equal to 2. Because both standard errors and their biases con-
verge to zero as the level-2 sample size / — oo, while J has little effect on the relative biases, we
arbitrarily choose J = 100. To contrast the effect of CV (n) on the biases, we choose level-1 sample
sizes uniformly distributed on the interval [n, + 1, n, +n] withn = 20,andn, = 5, 50. The corre-
sponding CV (n) for n, = 5is0.372 and for n, = 501is 0.095. When n, = 5, level-1 sample sizes
range fromn; = 6 ton; = 25, which might represent various sizes of classes when y;; represents
observations for student 7 from class j. When n, = 50, level-1 sample sizes range fromn; = 51
to n; = 70, which is to see the effect of a smaller CV (n) on standard errors and the test statistic.
As we shall see, the biases in standard errors and TyyumL are quite small when n, = 50, and
consequently when CV(n) < 0.095. We use three models to fit the population generated above.

The first model is as specified in (39) and the factor loadings satisfy the constraint A, = Ay,.
All the factor variances are fixed at 1.0 for identification purposes. So there are a total of ¢ = 26
free parameters in the model and eight of them are shared by the between- and within- levels. Table
1 contains standard errors by MUML (SDyumr.) and standard errors based on the sandwich-type
covariance matrix £ (SDsw). The absolute biases in SDyumr, are SDsw — SDyume. The more
interesting quantity is the relative bias defined as

_ (SDsw — SDmumL)
SDsw

Rsp ,
which does not depend on J. When CV(n) = 0.372, the left panel of Table 1 implies that Rgps
are about 1.2% for the common factor loadings, 5% for the between-level parameters, and 0.3%
for the within-level parameters. E (Tyumr) is greater than E ( x%p*_ q) = 2p* — g by 2.586. With
2p* — g = 46, the relative bias

aJtr(QM)

Ry =
2p* — g + aJu(QM)]
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TABLE 1.
Standard errors and their biases (A, = Ay)

CV(n) = 0.372 CV(n) = 0.095
S]DMUML SDSW Rgn S])MUML SDSW RSD
i 0.046  0.046 0.010 0.024  0.024 0.001
A2l 0.046  0.046 0011 0.024  0.024 0.001
A3l 0.047  0.047 0012 0.025  0.025 0.001
Aai 0.048  0.049 0.013 0.026  0.026 0.001
As2 0.046  0.046 0.010 0.024  0.024 0.001
A2 0.046  0.046 0011 0.024  0.024 0.001
A2 0.047  0.047 0012 0.025  0.025 0.001
As2 0.048  0.049 0.013 0.026  0.026 0.001
b2 0114  0.121  0.054 0.105  0.106 0.009
Yo 0132 0.139  0.052 0.119  0.120 0.009
U 0021 0.127  0.050 0.107  0.108  0.009
Ypys 0110 0.115  0.048 0.096  0.097  0.009
Yo 0103 0.108  0.045 0.087  0.088  0.009
Ypss 0132 0.139  0.052 0.119  0.120  0.009
s 0.121  0.127  0.050 0.107  0.108  0.009
Yy 0110 0.115  0.048 0.096  0.097  0.009
Upss  0.103  0.108  0.045 0.087  0.088  0.009
bux 0047  0.047  0.000 0.023  0.023  0.000
Yo 0073 0.073  0.001 0.036  0.036 0.000
Yux 0074 0074  0.002 0.037  0.037  0.000
Yoy 0076 0076  0.003 0.039  0.039  0.000
Vwss 0081  0.081  0.005 0.042  0.042  0.000
Yuss 0073 0.073  0.001 0.036  0.036 0.000
Yuss 0074 0.074  0.002 0.037  0.037  0.000
Vs 0076 0.076  0.003 0.039  0.039 0.000
Vuss 0081  0.081  0.005 0.042  0.042  0.000

Note: *Rsp = (SDsw — SDmumL)/SDsw

is about 5%. The right panel of Table 1 contains standard errors and their biases when CV(n) =
0.095. The Rgps for the between-level parameters are only about 0.9%, which should be consid-
ered ignorable in practice because they might be smaller than sampling errors (see Curran, 1994;
Yuan & Bentler, 1997). With a Jtr(QM) = 0.219, the relative bias in Tyumr is only about 0.5%.

The second model is also as specified in (39) but there is no constraint on the between- and
within-level factor loadings. There are ¢ = 34 free parameters in this model. Standard errors and
their biases are in Table 2. Even when CV(n) = 0.372, the Rgps at the within-level are zero down
to the third decimal place. However, standard errors for the between-level parameters still contain
about 5% biases, which are comparable to those for the between-level parameters in Table 1. With
38 degrees of freedom and aJtr(QM) = 1.898, the Ry is about 5%, also comparable to that
for the first model. When CV(n) = 0.095, the Rgps at the between-level are about 0.9%, again
comparable to those in Table 1 while the relative bias in TyumL is only about 0.4%.

When X;(0p) and X,,(6,,) have no overlap in parameters, results in the previous section
indicate that there is little bias in Tyumr, when p* = gp. In the third model, we choose a satu-
rated between-level model while the within-level model is specified as in (39). So there are only
19 degrees of freedom in this model. As expected, Ry is zero down to the tenth decimal place
even when CV(n) = 0.372. Standard errors and their biases are in Table 3; we only report the
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TABLE 2.
Standard errors and their biases X, () and X, (#) have no overlaping parameters

CV(n) = 0.372 CV(n) = 0.095
SDMUML SDSW RSD SDMUML SDSW RSD

o 0.117  0.124  0.055 0.108  0.109 0.009
M2 0114 0.121  0.055 0.105  0.106  0.009
A 0112 0.119  0.054 0.103  0.104 0.009
s 0111 0.117  0.054 0.101  0.102  0.009
s 0.17  0.124  0.055 0.108  0.109 0.009
e 0114 0.121  0.055 0.105  0.106  0.009
A2 012 0.119  0.054 0.103  0.104 0.009
Mg 0011 0.117  0.054 0.101  0.102  0.009
2 0116  0.123  0.055 0.107  0.108  0.009
Yo 0.134  0.142  0.052 0.121  0.122  0.009
Y 0125 0132 0.051 0.112  0.113  0.009
Ypss 0119 0.125  0.049 0.105  0.106  0.009
Ype 0119 0.125 0.048 0.104  0.105 0.009
Upss  0.134  0.142  0.052 0.121  0.122  0.009
Yres  0.125  0.132  0.051 0.112  0.113  0.009
Yy 0119 0.125  0.049 0.105  0.106 0.009
Ypss 0119 0.125  0.048 0.104  0.105 0.009
Awii 0050  0.050 0.000 0.025  0.025 0.000
A2t 0.051  0.051  0.000 0.025  0.025 0.000
Awst 0053 0.053 0.000 0.026  0.026 0.000
Awst 0055  0.055 0.000 0.027  0.027 0.000
Aws2 0.050  0.050  0.000 0.025  0.025 0.000
Awz 0051  0.051 0.000 0.025  0.025 0.000
Aw2 0053 0.053  0.000 0.026  0.026 0.000
Mgz 0.055  0.055  0.000 0.027  0.27 0.000
bui> 0047  0.047  0.000 0.023  0.023  0.000
Yo 0074 0074  0.000 0.037  0.037 0.000
Vw0075  0.075  0.000 0.037  0.037 0.000
Vs 0079  0.079  0.000 0.039  0.039 0.000
Voas 0086  0.086  0.000 0.042  0.042 0.000
Vuss 0074  0.074  0.000 0.037  0.037 0.000
Vuss 0075  0.075  0.000 0.037  0.037 0.000
Yurr 0079  0.079  0.000 0.039  0.039 0.000
Vuss  0.086  0.086  0.000 0.042  0.042  0.000

SDs for the first two columns of parameters in X, to save space. There are zero biases for the
within-level standard errors up to the third decimal place even when CV (n) = 0.372. The Rgps at
the between-level are about 5.4% when CV(n) = 0.372 and 0.9% when CV(n) = 0.095. These
are comparable to those in the previous Tables.

In these illustrations, we considered only the expected biases in SDyumr, with a large J. In
practice, both SDsw and SDyumL also contain sampling errors because they have to be estimated
by data with finite sample sizes. The overall relative bias in SDyymrL at the between-level is
about 5% when CV(n) = 0.372, and will be smaller for a smaller CV (n). Whether 5% of errors
are ignorable is subject to judgment. Sampling errors in the commonly used standard error esti-
mates for conventional structural equation models might be greater than 5% under unfavorable
conditions (see Yuan & Bentler, 1997).
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TABLE 3.

Standard errors and their biases (X, (@) is saturated)

CV(n) = 0.372 CV(n) = 0.095
SDmume. SDsw Rsp SDyume. SDsw Rsp
oo 0160  0.169 0.054 0.146  0.147 0.009
o1 0117  0.124  0.054 0.108  0.109  0.009
o 019  0.126 0.054 0.109  0.110 0.009
op1 0121 0.128  0.055 0.111  0.112  0.009
ops1 0114 0.120  0.054 0.104  0.105 0.009
o1 0.114  0.120 0.054 0.104  0.105 0.009
oy 0114 0.121 0.054 0.105  0.106 0.009
os1 0115 0.121  0.054 0.105  0.106 0.009
o 0160 0169 0.054 0.146  0.147 0.009
oy 0.121  0.128  0.055 0.112  0.113  0.009
opn  0.124  0.131  0.055 0.114  0.115 0.009
oy 0.114  0.120  0.054 0.104  0.105 0.009
o2 0.114  0.121  0.054 0.105  0.106 0.009
oy 0115 0.121  0.054 0.105  0.106 0.009
oy 0.116  0.122  0.054 0.106  0.107 0.009
deti 0050  0.050  0.000 0.025  0.025 0.000
Awai 0051 0.051 0.000 0.025  0.025 0.000
dwst 0053 0.053  0.000 0.026  0.026 0.000
Awar 0.055  0.055 0.000 0.027  0.027 0.000
Aws2  0.050  0.050  0.000 0.025  0.025 0.000
dwez 0051 0.051  0.000 0.025  0.025 0.000
Ay 0053 0.053  0.000 0.026  0.026 0.000
Awsz  0.055  0.055 0.000 0.027  0.027 0.000
bui» 0047  0.047  0.000 0.023  0.023  0.000
Ve 0074 0.074  0.000 0.037  0.037 0.000
Yoz 0075 0075  0.000 0.037  0.037 0.000
Yus 0079  0.079  0.000 0.039  0.039 0.000
Vwss 0086  0.086  0.000 0.042  0.042 0.000
Yuss 0074 0.074  0.000 0.037  0.037 0.000
Yues 0075  0.075  0.000 0.037  0.037 0.000
Vs 0079 0.079  0.000 0.039  0.039 0.000
Yugs  0.086  0.086  0.000 0.042  0.042 0.000

5. Discussion

161

Muthén’s (1990) maximum likelihood procedure has the advantage of easier calculation
and faster convergence than the normal-theory based ML procedure. Consequently, the MUML
procedure is becoming increasingly popular and has been implemented in SEM software and
introduced in textbooks. This paper studies the analytical statistical properties of the MUML
procedure. The results indicate that the last term in (14a) or (33) is responsible for the biases
in standard errors of @ and in the test statistic TviumL- When this term vanishes, inference with
MUML contains no asymptotic biases. Because this term is generally positive, standard errors
based on 2 = A~! in (6a) is underestimated and the test statistic Tyumr is stochastically greater
than the reference Xzz,,*_ . This is comparable to the normal-theory based methodology for the
conventional covariance structure analysis, where the sample covariance matrix S is fitted to a
structure model X (0). Lets = vech(S) and I'g = Var(s). When I'g — 2D;(Z ® E)D;’ is positive
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definite, the normal-theory standard errors have negative biases and the normal-theory likelihood
ratio statistic has a positive bias (Browne, 1984).

Our results identify the role of the level-1 and level-2 sample sizes in the MUML procedure.
The level-2 sample size J is responsible for @ to be near ¢ and the stability of the distribution of
TmumL- The average level-1 sample size 721 and the standard deviation v, are responsible for the
validity of statistical inference by MUML. When the coefficient of variation CV(n) = v, /n1 is
small, MUML leads to valid inferences. When CV (n) is substantial, standard errors of éh and the
overall model evaluation based on Tyyumr are biased. This suggests that, if feasible, one should
try to avoid level-1 units with small z ;s in the data collection process, because small 7 js not only
contribute to a small 72 but also to a large v,,.

The results in Sections 2 and 3 can be used to correct the biases in MUML. When adding
the term JaA~'AA" ' to A=l in estimating the covariance matrix of AT 9, according to (19b),
the corresponding standard error estimates become consistent for unbalanced data. Similarly, one
may correct the bias in Tyumr. Let ' = Var(s — &) as given in (33) and

U=W2QW!2 = W — WE@E'WE)1E'W.
Parallel to the corrected statistic of Satorra and Bentler (1994), we can get a corrected statistic

2p* = @) TmumL
TemuML = —————

tr(UI)

It follows from (32) that the asymptotic distribution of Tcymumr has a mean of 2 p* — g. Although
TemumL does not asymptotically follow the reference distribution Xzzp*, q in general, it may
behave like the Satorra and Bentler’s (1994) rescaled statistic that works well in practice. Fur-
ther study is needed to actually evaluate the performance of Tcyvumr. Note that all the elements
for evaluating A, U and T have already been computed in obtaining 6 and its standard errors.
Including these corrections by a software that already contains the MUML procedure is straight-
forward. The above corrections can be extended to non-normal data. Then the matrix B in (6)
and I' = Var(s — &)) need to be estimated using the fourth-order moments of the observed data.
The details are complicated and can be pursued parallel to the development in Yuan and Bentler
(2002, 2003a).

Note that the paper only studies the biases in MUML when models at both level-1 and level-2
are correctly specified. Because E(Sp) = X, + cXp, both ) » and éw depend on the data matrix
S, when they are obtained by minimizing the Fyump (@) in (2). When a model at one level is
misspecified, both parameter estimates 8, and 0, may contain biases even for balanced data (see
Yuan et al., 2003). Of course, biases due to model misspecification apply not only to the MUML
procedure but also the ML procedure. To avoid the biases in 9w caused by a misspecified X (0),
one may just fit S,, by X, (#) using the conventional SEM software with sample size N — J.
Within the MUML setup, S, also contains the information of X, it is not clear how to avoid the
biases in @ » caused by a misspecified X, (0). Within the context of maximum likelihood, Yuan
and Bentler (2003b) proposed a stepwise approach to avoid possible biases of parameter estimates
at one level caused by misspecifications at different levels as well as other related complications
of model evaluation.

Finally, the purpose of MUML was to provide a procedure for analyzing hierarchical data
using the conventional SEM software (see Muthén, 1990). For unbalanced data, MUML is com-
putationally easier than ML. Recently, several important developments were made towards over-
coming the computation hurdles with the ML procedure for unbalanced data (du Toit & du Toit,
in press; Liang & Bentler, 2004). The demand for MUML may be lessened due to these develop-
ments.
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Appendix A

This appendix provides the expressions for Var(sy), Var(s,,) and Cov(sp, Syy) as given in (9),
(10) and (11). After some algebraic operation, we have

J J J
1 1
=77 /2_1: T NG =D ,2-1: j}_l:n,-n,-t,,, (AD

where t;; = vech[(y.; — p)(¥.; — )] and t;; = vech[(§; — u)(¥.; — 1)']. Because vech(A) =
Dj,‘vec (A), and for vectors a and b there exists vec(ab’) = b ® a,

tijty, =Djvec[(¥i —w)(F,; — w)lvec'[(Fx — (. — W'D}’
=D {IF,; —mw®Fi—mwIF:—n ®Fi—mwID)}

=DF.) — wWGF— w1 [Fi — wFx —w'IDF). (A2)

Wheni = j =k =1, denote

E(tj;t};) = Cjjj; and Var(tj;) = Cjz. (A3a)
When i = j and k = [ buti # k, it is easy to see

, 1 1 !
Etjity)=\op+ —0oy)|op+—0uw], (A3b)
n; nk

Wheni =k and j = [ buti # j, it follows from (A2) that

1 1
E(ti;t);) =D} [(zb + ;Ew) ® <):b + EZ’”)] D}, (A3c)
J

Let K, be the commutation matrix (see Magnus & Neudecker, 1999, p. 47) such that K, vec(A) =
vec(A'). It follows from (A2) that

tijty, =DJK,vec[(y; — )i — w)Ivec'[(Yx — W)(F. — 1) 1D}
=DIK,{[§: — T — ) 1®[F; —wFr—w'1ID}. (A4)
Wheni =1 and j = kbuti # j, it follows from (A4) that

1 1
E(tl’jt}i) = D;Kp |:<Eb + ;Ew> ® (Xp + ;Ew):| D;r/
J

l

=D?" z+i): ® ):+iz D’
=Yp b T b n v P (A3d)
Let

5. |1 ifi=.

DTl 0 ifi #

1 1
hjg:hjj =tjj—(0'b—|—n—j()'w>, and hijztij_‘sij <0’b+n—jdw). (AS)
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Then it is easy to see E(h;;) = E(h;;) = 0. It follows from (A1)

J

J
Var (sp) = (J—1) ZZ ningE(hjh,)

+

J J J
NI 1R 2o 2o 2o Do E (hijhig)

JoJ o
1
TNUZD2 Zzzni”jnkE(hijh;{k)- (A6)
i=1 j=1k=1
o
ZZ” i E(hjjhy,) = Z" E(hj;h;) = Znicjzz- (A7a)
j=1k=1 3
Note that
JoJ J
YYYY- (T T - Y ¢ ¥ ey
i=1 j=1k=1I=1 i=j=k=l i=jk=litk i=k j=li#j i=l,j=ki#j else

it follows from (A3a) to (A3d) and (AS),

J

iiii”i”ﬂk”lﬂhﬁhb) =Y niCjn +2D} i”? <Zb + nl):w)
=1

i=1 j=lk=11=1 j=1 i

J

1
® Zrﬁ ():;, + ;):w) D/’
j=1 /
! 1 1
40+ +/
_2§nij [(zb + n—jzw) ® (zb + n—jzwﬂ D}
(A7b)
It follows from (A3a), (A3b) and (AS)
JoJ o J
ZzzninjnkE(hiih}k)= Z + Z +Z ninjnE (hiih/jk) =Zn3Cj227 (A7c)
i=1j=lk=1 i=j=k i#j=k else j=1

and

J J J J
D30 minjmcEhijhi,) =Y " niCin. (A7d)
j=1

i=1 j=1k=I
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By combining (A6) and (A7) we obtain

4 2n3
Var(sy) = (1_1)22:( +__Wj>cj22

2 1
———————D} HEZp+ —2 ) z D}’
+N2(J—1)2 » ;n1< b+nj w> Zn ( b+ ) M
2 4 1 1
4py+ +/
- D[ (Zp+—Zu | ®(Zp+ —Z, | | D}
N2(1—1)2;”f ”[( Sy “’) <” nj )] ’ (A8)

Let

nj

h;3 = vech |:Z(Yij -y )i — 5’.]‘)’} —(nj — Doy,

i=1

and E(hj3h;~3) = Cj33. Then

J J
1
Var(s,) = = J) XZ:X:: (hj3h};) = i >+ | Ehjshys)

Jj=k  jFk
1
= =77 2 G (A9)
j=1

Let E(hjjh/j3) = Cj23. Then

J J
Cov(sp, Su) = = 1)(N J)ZZ”jE(hjjh;d)

j=1k=1

7T
N — 1)(1\/ ])ZZZ””JE(huhw)

i=1 j=1 k=1

1
—(J DN — ) Z"‘Z n;E(hjjhis)

j=k  j#k

1 /
CNU-D(N-=1) ,-Z + 2 | nini E(hijhis)

=j=k else

J
1
(J—l)(N ) T =7 2="iCs - N —1)(N — J)Z” Cizs

j=1

ns

1
TSR Z <nj — ﬁ> Cj. (A10)

J=1

2
J
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Appendix B

This appendix outlines the steps leading to (20). Whenn; ~ Uln, + 1, n, + n], then

_ | — . n+1
n1=na+;;]=na+ 7 (B1)
I ] 1 & o n+D2n+1D
n2=22(na +])2=;Z(n3 +2nqj + jH=nl+n.(n+ Dt——— (B2
j=1 j=1
1< 1 &
A3 =Y g+ )P =~ ) g 4305 + 3 + )
=1 j=1
3n2(n +1 ngn+1)2n+1 nn + 1)>2
:n2+ a(z )Jr al ;( )+(4)' (B3)

Combining (14b) and (B1) to (B3) leads to the a in (20).
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