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Sampling Weights
in Latent Variable Modeling

Tihomir Asparouhov
Muthén & Muthén

This article reviews several basic statistical tools needed for modeling data with sam-
pling weights that are implemented in Mplus Version 3. These tools are illustrated in
simulation studies for several latent variable models including factor analysis with
continuous and categorical indicators, latent class analysis, and growth models. The
pseudomaximum likelihood estimation method is reviewed and illustrated with strat-
ified cluster sampling. Additionally, the weighted least squares method for estimat-
ing structural equation models with categorical and continuous outcomes imple-
mented in Mplus extended to incorporate sampling weights is also illustrated. The
performance of several chi-square tests under unequal probability sampling is evalu-
ated. Simulation studies compare the methods used in several statistical packages
such as Mplus, HLM, SAS Proc Mixed, MLwiN, and the weighted sample statistics
method used in other software packages.

Unequal probability of selection is an inevitable feature of complex sampling sur-
veys. This can be the result of stratified sampling, cluster sampling, subpopulation
oversampling, designed unequal probability sampling, and so on. If the unequal
probability of selection is not incorporated in the analysis, a substantial bias in the
parameter estimates may arise. This bias is commonly known as selection bias. If
the probability of selection is known and incorporated in the analysis, the selection
bias can be eliminated. An unbiased estimator for the mean under unequal proba-
bility sampling was first developed by Horvitz and Thompson (1952). Skinner
(1989) developed the pseudomaximum likelihood (PML) method, which under
unequal probability sampling can be used to estimate any statistical model includ-
ing the latent variable models discussed here.

This article describes several basic statistical tools needed to deal with unequal
probability of selection that are implemented in Mplus version 3 (Muthén &
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Muthén, 1998-2004; see http://www.statmodel.com). The article shows how the
PML method is implemented in Mplus version 3 for structural equation models
and general latent variable models. In addition, it shows how the Mplus implemen-
tation of weighted least squares (WLS) estimation for structural equation models
with mixed outcomes (Muthén, 1984) is adapted to incorporate weighting for un-
equal probability of selection. Another purpose of this article is to promote simula-
tion methods as a means for evaluation of statistical tools that incorporate weight-
ing.

As a first step, the concept of unequal probability of selection and description of
the framework for the simulation studies is clarified. Single-level models where no
clustering or grouping information is available about the data and all sample units
are considered independent, albeit not selected with equal probability is consid-
ered. Simulation studies on a factor analysis model, a latent class model, and a fac-
tor analysis model with binary indicators are conducted. The PML method, cur-
rently implemented in Mplus, is compared with the commonly accepted practice
of computing the weighted mean and covariance as a first step, followed by an
analysis assuming simple random sampling as a second step. This method is called
the weighted maximum likelihood (WML) method. For continuous outcomes, this
method is implemented in various statistical packages (e.g., LISREL 8.51). The
case of stratified cluster sampling is also compared, where samples are independ-
ent between clusters but not within clusters and are obtained from different strata.
This methodology is illustrated with a simulation study on a binary factor analysis
model. Finally, the performance of the methods implemented in the following sta-
tistical software packages is compared: Mplus, MLwiN, and HLM/SAS Proc
Mixed for a linear growth model.

DEFINITIONS AND INTERPRETATION

As a first step, the basic concepts related to unequal probability sampling and a
simulation study that evaluates the performance of various statistical tools are
described.

Let the probability of selection be p and the corresponding weight variable be w
= 1/p. Let us first clarify the meaning of these quantities. If the population is infi-
nite, for every individual the probability of selection is zero and the weight infinite;
that is, these quantities are not well defined. One way to avoid this problem is to as-
sume that the population is not infinite but a finite large population so that p >0 and
as a whole the large finite population would be numerically equivalent to an infi-
nite population. Indeed many simulation studies in the complex sampling litera-
ture are designed that way; for example, Kaplan and Ferguson (1999) and Pfeffer-
mann, Skinner, Holmes, Goldstein, and Rasbash (1998). Alternatively we can
assume that the population is infinite and that p only represents a relative fre-
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quency of occurrence in the sample. Thus the ratio of p;:p; would represent the
sample frequency of occurrence of individuals similar to individual i to the sample
frequency of occurrence of individuals similar to individual j, given that individu-
als 7 and j are equally common in the infinite target population. If in the infinite
population the frequency of occurrence of individuals similar to individual i rela-
tive to the frequency of occurrence of individuals similar to individual j is repre-
sented by Q;:Q; and in the sample population that ratio is g;:q;, we can set p; = qi/ Q.
Thus we have two different methods to implement a simulation study: one using a
finite target population and the second using an infinite target population. The two
approaches, however, are in fact numerically equivalent. Indeed in what follows,
only the relative value of p matters for the PML method and the p values can be
standardized to some sort of arbitrary scale that is intuitive to understand but irrele-
vant to the statistical analysis. In addition, the finite target population approach
with any estimation method converges to the infinite target population approach as
the finite target population increases. To avoid the complexity of generating two
population sets, target and sample, the infinite population simulation method is
adopted. This eliminates the need for constructing the finite target population. We
assume an infinite target population described by a model.

Let Yrepresent all dependent variables, X all predictor variables, and / the inclu-
sion indicator; that is, / is a random variable that is 1 if (¥, X) is part of the sample
and O otherwise. Simulation studies are conducted to determine the effects of sam-
pling with unequal probability of selection on model estimation and inference. In
addition to the usual model specification, a model for / is specified and / is sampled
from that model. Individual elements (Y, X, I) are included in the final sample only
if =1, and the information that will be available during the analysis is (Y, X, w),
where w = 1/p and p = P(I = 1) is the probability of selection for included cases.
The selection model can be defined by P(I = 1) = (Y, X) where fis some appropri-
ate function or even more generally P(I = 1) = f(Y, X, A) can be a function of ¥, X
and some auxiliary variables A that are not part of the model we are estimating.
The variables A can be correlated with X or Y in the whole population or in a
subpopulation only. In practical applications the weights are computed implicitly
in terms of Y and X, and they are computed according to the sampling design speci-
fications, which in turn can be connected to Y and X in a unknown way. We sample
the infinite population until a predetermined number of sample units are included
in the sample.

The sample selection is called noninformative if / and Y are conditionally inde-
pendent given X; that is, the probability of selection p is a function of X and any other
variable independent of Y but not of Yitself or an auxiliary variable A correlated with
Y. When the selection is noninformative the true distribution of X is misrepresented
in the sample, however a correctly specified conditional model [Y1X] is estimated
correctly even if no weights are included in the analysis. In fact, the inclusion of the
weights in the analysis may resultin a loss of estimation efficiency and the inference
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may be less powerful (see Chambers, Dorfman, & Sverchkov, 2003). At present,
however, there are no easily available tools that can establish the noninformativeness
of the selection, and therefore one should not assume that this is the case, unless the
computation of the weights involves variables that are already included in the analy-
sis as predictors. If the selection is informative, however, a substantial bias in the pa-
rameter estimates may arise if the weights are not incorporated in the analysis. The
focus here is primarily on informative selection mechanisms.

In practical applications the weights are the cumulative result of a comparison
between the target population structure and the sample population structure, strati-
fication, poststratification, and sampling design considerations. The sampling
mechanism and the weights’ computation can be very complex in practical appli-
cation. The goal here is not to emulate such complex schemes, and thereby compli-
cate the simulations, but to demonstrate the fundamental principles underlying the
analysis of data obtained with unequal selection probabilities.

PSEUDOMAXIMUM LIKELIHOOD (PML)

The PML estimates are obtained by maximizing the weighted log-likelihood

log(L) = Zw,- log(L;) )

where the subscript i runs over all independent observations. The asymptotic
covariance matrix of these estimates is obtained by the sandwich estimator

(62 1og(L)/9606') ' | S w2 (@(log(L))/ 98)D(log(L))/ D8) |(92 (og(L)/ 9606 ) ' (2)

where 0/00 and 902/0000’ represent the first and the second derivative and the sum
is over all individuals in the sample. Skinner (1989) showed that regardless of the
choice of model, the PML parameter estimates are consistent under any sampling
scheme.

It is the goal of this study to clearly demonstrate the difference between the
PML method and the WML method described as follows: The WML parameter es-
timates are obtained by maximizing Equation 1 as well, but their asymptotic
covariance matrix is estimated by the weighted information matrix

(02(log(L))19000') " =| > wid? (log(L:))/ 9096)

The WML method applied to models with normally distributed outcomes amounts
to computing the weighted sample statistics and fitting these sample statistics with
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the usual maximum likelihood (ML) fit function. Later it is shown that the WML
standard errors and confidence intervals are generally too short and that the classic
inference based on the log-likelihood chi-square difference testing rejects more
frequently than the designated rejection level. It is also demonstrated that the ro-
bust chi-square tests implemented in Mplus, using correction factors, remain valid.

FACTOR ANALYSIS EXAMPLE

First the effects of selection bias for a factor analysis model with normally distrib-
uted outcomes were studied. Using an informative selection mechanism, the selec-
tion bias of the parameter estimates that results from ignoring the weights was
determined, the underestimation of standard errors for the WML method was de-
termined, and the effect of selection on several chi-square tests was considered. A
factor model with five continuous and normally distributed variables Yi, ..., Y5
and one factor 1 was considered. The mean of Y; was v; and the residual variance
6,. The variance of 1] is y. The loading of ¥; was A; and for identification purposes
A1 = 1 was set. The selection mechanism was defined by P(I = 1) = 1/(1 + e ),
that is, the selection mechanism depended only on Y;. This may correspond to a
sampling situation where a particular factor measurement is considered to be very
reliable and is used to deliberately oversample subpopulations with higher factor
values. The analysis was replicated 500 times with 1,000 observations each.

Table 1 presents the parameter estimate bias (average estimate — true value) pro-
duced by the selection mechanism for the unweighted ML (ignoring the weights)
analysis. The results show substantial selection bias for all parameters in the model
with the exception of several residual variance parameters. The PML estimator, on
the other hand, eliminates the bias completely.

Table 2 presents the effect of sampling weights on the standard errors computa-
tion. Here the parameter estimates were unbiased. This table presents the coverage
probability of the 95% confidence intervals; that is, the probability that the confi-
dence interval limits cover the true parameter value. If the methodology is correct
and the sample size sufficiently large, that probability will be approximately 95%.
The WML estimator clearly underestimates standard errors and confidence inter-
vals and as a consequence produces low coverage probability. The coverage proba-
bility dropped by about 10% for most parameters and about 30% for the factor
variance . T tests or multivariate Wald tests based on such results would generally
reject more often than they should. The last two columns in Table 2 show the ratio
of standard deviation of the parameter estimates in the simulation to the average
standard errors. This ratio should converge to 1 as the sample size increases if the
asymptotic estimator is correct; however that was not the case for the WML esti-
mator. The PML estimator, on the other hand, performed very well in terms of cov-
erage and standard deviation to average standard errors ratio.



TABLE 1
Parameter Estimates Bias in Factor Analysis

Parameter True Value PML/WML Bias ML Bias
A2 1 0.00 0.17
A3 1 0.01 0.18
Ay 1 0.00 0.17
As 1 0.00 0.18
A% 0.3 0.00 0.60
A% 0.3 0.00 0.27
V3 0.3 0.00 0.26
V4 0.3 0.00 0.27
Vs 0.3 0.00 0.27
\) 0.8 0.01 -0.28
0; 1 -0.01 -0.15
0, 1 0.00 0.00
03 1 -0.01 -0.01
04 1 0.00 0.00
05 1 0.00 0.00

Note. PML = Pseudomaximum Likelihood; WML = Weighted Maximum Likelihood; ML =
Maximum Likelihood.

TABLE 2
Standard Error Coverage in Factor Analysis
Coverage Coverage Coverage SD/SE SD/SE SD/SE
Parameter PML WML ML PML WML ML
A 0.946 0.816 0.406 1.08 1.56 0.98
A3 0.928 0.816 0.348 1.11 1.60 1.04
Ay 0.952 0.822 0.404 1.05 1.53 0.94
As 0.912 0.774 0.394 1.14 1.64 1.03
Vi 0.938 0.740 0.000 1.05 1.83 1.01
\%2) 0.968 0.874 0.000 0.96 1.30 0.97
V3 0.964 0.850 0.000 0.99 1.36 0.98
V4 0.944 0.844 0.000 1.02 1.39 1.02
Vs 0.944 0.844 0.000 1.05 1.44 1.05
\) 0.898 0.658 0.010 1.21 2.28 1.01
0; 0.896 0.776 0.112 1.17 1.75 0.99
CH) 0.936 0.866 0.946 1.08 1.32 1.02
03 0.912 0.858 0.946 1.03 1.25 1.03
04 0.920 0.864 0.946 1.10 1.35 1.05
05 0.934 0.886 0.946 1.03 1.25 0.96

Note. PML = Pseudomaximum Likelihood; WML = Weighted Maximum Likelihood; ML =
Maximum Likelihood.
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For this particular example the WML estimator was equivalent to the ad-hoc
method of first computing the weighted sample mean, variance, and covariance
and then estimating the model parameters by the ML method based on these sam-
ple values. Another interpretation of the WML method is that it incorrectly treats
the selection probability weights as frequency weights.

Next the one-factor model covariance structure was tested against the unre-
stricted covariance structure. This test has 5 df. Tables 3 and 4 present the
chi-square results obtained by four different estimators, all of which incorporate
the selection weights. The estimators MLR (Robust Maximum Likelihood), MLM
(Mean-Adjusted Maximum Likelihood), and MLMV (Mean- and Variance-
Adjusted Maximum Likelihood) are implemented in Mplus and provide robust
chi-square tests. The WML estimator uses the usual log-likelihood difference
chi-square test statistic. All four estimators use the PML parameter estimates. The
MLR estimator uses the PML asymptotic covariance matrix defined previously
and a test statistic that is asymptotically equivalent to the 7> test statistic of Yuan
and Bentler (2000). The asymptotic covariance matrix of the MLM and MLMV
estimators is described in Muthén and Satorra (1995). The MLM chi-square test is

TABLE 3
Chi-Square Rejection Rates at the 5% Level
Sample Size MLR MLM MLMV WML
200 0.132 0.072 0.058 0.228
500 0.090 0.072 0.052 0.258
1000 0.078 0.054 0.044 0.256
2000 0.060 0.048 0.042 0.314
5000 0.062 0.046 0.046 0.318

Note. MLR = Robust Maximum Likelihood; MLM = Mean-adjusted Maximum Likelihood;
MLMYV = Mean- and Variance-adjusted Maximum Likelihood; WML = Weighted Maximum Likeli-
hood.

TABLE 4
Chi-Square Test Statistic Average Value

Sample Size MLR MILM WML
200 6.248 5.521 7.861
500 6.036 5.433 8.487

1000 5.603 5.197 8.754

2000 5.526 5.289 9.306

5000 5.140 5.024 9.382

Note. MLR = Robust Maximum Likelihood; MLM = Mean-adjusted Maximum Likelihood;
MLMYV = Mean- and Variance-adjusted Maximum Likelihood; WML = Weighted Maximum Likeli-
hood.






















































